The vacancy concentration dependence on temperature and diameter of noble metal (gold, silver, and copper) nanoclusters is investigated using a Kinetic Monte Carlo method. Icosahedral and decahedral nanoclusters are studied, with diameters up to 3.73 nm for icosahedral clusters and up to 6.65 nm for decahedral clusters. The cohesive energy is calculated using a coordination number approach, resulting in a linear relation with cluster size. Random Schottky defects are frozen into the clusters at low temperatures (100-600 K) and we find that the vacancy concentration increases with smaller diameters and higher temperatures. We develop a model for this behavior, which explains the temperature and size dependence. This model predicts silver icosahedra to have the highest concentration of vacancies in the clusters studied. Vacancy concentrations are related to the ratio of surface/interior sites based on nearest neighbor calculations. The modified enthalpy and entropy of constant diameter clusters are derived from a logarithmic model for the Gibbs energy. Melting entropy and enthalpy are calculated in this coordination type model and compare well with previously published molecular dynamics results.
Introduction
Defects in solids were first predicted by Frenkel [1] as an interstitial-vacancy pair in 1926. Wagner and Schottky [2] discussed vacancies, also known as Schottky defects, in a publication in 1930. Defects can affect the properties of solids, such as luminescence, resistivity, volume and thermal expansion, and affects diffusion and the specific heat [3] . Vacancies are more stable than Frenkel defects since they require less energy of formation in close packed crystals. Schottky defects are stable in solids since they raise the entropy of the crystal in an Arrhenius model of the Gibbs energy [3] . We will show here that the linear Arrhenius model may not apply to metal nanoclusters, but in fact a logarithmic model takes its place.
Measurements of bulk vacancy concentrations in the noble metals gold, silver and copper were originally done in the early 1960's [4] [5] [6] . These were lattice expansion measurements by X-ray diffraction and thermal expansion measurements by micrometer microscopes. A typical concentration in gold at an elevated temperature of 850 • C was found to be about N /N = 10 −5 [4] . Usually, vacancies are not observed in bulk samples, due to the low concentration and migration of vacancies to grain boundaries and dislocation sinks. However, when heated to near 1000 • C and rapidly quenched (4×10 5 • C/sec) to room temperature, vacancy clusters and voids have been seen via electron microscopy in gold after aging at 100 • C for one hour [7, 8] .
Single vacancy and vacancy clusters heavily influence the fundamental properties of materials at the nanoscale and characterizing them, from a theoretical point of view, at the single-defect level represents a scientific investigation of particular relevance. Here, we simulate in nanoclusters of noble metals the effects of individual vacancies placed in lattice sites with different coordination numbers. Our calculations are based on the Kinetic Monte Carlo (KMC) method, which is a variant of the Monte Carlo (MC) method specifically designed to model a kinetic approach to fundamental processes and then to study the stochastic sequences giving the temporal evolution of complex systems [9] . It is well suited to study temporal processes that have intermediate time scales, i.e. greater than atomic vibration, along the scale of diffusion, grain growth, vacancy concentration, and thin-film deposition [9] . It has been used previously in calculations on copper nanoparticles [10] . Although Schottky defects at one time described vacancies in ionic crystals, we use the more general terminology to model vacancies in noble metal nanoclusters as a function of size and temperature.
Nanoclusters and nanoparticles are ever increasing scientific fields of study and gold in particular has properties in the nano-regime unknown in the bulk. Silver and copper are more recent scientific studies, as copper is difficult to make due to its rapid oxidation. A nano-phase diagram of structure versus temperature has been developed for gold and silver from experiments and density functional theory (DFT) [11, 12] . A phase diagram for copper has been produced as an alloy with gold [13] . We model the vacancy population in all three noble metals, gold, silver, and copper and use gold to present typical data, with tabular data compiled for silver and copper.
The experimental and theoretical work on noble metal nanoclusters goes back to at least 1976 when Buffat and Borel studied gold nanoparticles and measured a size dependence in the melting temperature [14] . For a review of progress in the chemical synthesis and physics of metal nanoclusters, we refer to a publication in 2009 [15] . More recently, work on gold nanoclusters has resulted in atomic structure (icosahedral, decahedral, and fcc) control of isomers during the formation processes [16] . Also tunable size control of gold, silver, and palladium icosahedral clusters has been reported [17] . Silver icosahedral and decahedral clusters have been synthesized in a chemical procedure [18] . Copper icosahedral and decahedral clusters have also been fabricated [19] . Also, of relevance to our analysis, the melting temperatures of gold [14] , silver [20, 21] and copper [22, 23] as a function of cluster size are found all above 600K, either experimentally, or by molecular dynamics (MD) calculations.
Metal clusters containing small numbers of atoms N also show catalytic performances of applicative interest. Stable metal particles with enhanced catalytic activity strongly depend on the presence of single atoms or, vice-versa, of single vacancies. Investigations of non-magic-number clusters in noble metals with 'with low-atomicity' have just begun, e.g., by exploiting new synthesis methods promising the required single-atom precision in platinum clusters [24] . The results presented here substantially augment the ability to simulate the stability of such low-N metallic nanosystems.
Methods
We start with a cluster of N atoms, where the cohesive energy of the particle per atom [25] is:
here E b c is the bulk cohesive energy and C is the coordination number. The subscripts i and σ represent interior and surface sites respectively, and μ is the ratio of surface area of the cluster compared to an icosahedron (μ = 1 by definition) [26] . We study icosahedral clusters and bi-pyramidal decahedral clusters since they have the same surface orientation (111), with 20 and 10 faces for the icosahedra and decahedra, respectively [27] . The surface area of an icosahedron is 5 √ 3 with unit length between neighbors, while the decahedron has faces as isosceles triangles, with the base in a ratio of about 1.018:1 to the sides [28] . This gives a value of μ = 0.506 for decahedra. The surface and interior atoms in icosahedra and decahedra are separated since the interior atoms have coordination 12 and surface atoms have coordination 9 or less. Thus, as we create vacancies, we count interior atoms as having coordination [10] [11] [12] and surface atoms at 9 and below.
For a cluster with N v vacancies the change in energy is:
However E p v depends on an interior or surface site, respectively as:
where γ , R, and r denote bulk surface (111) energy, nanocluster radius, and atomic radius, respectively [26] . Also, E i v and E s v are the bulk (interior) and surface (111) vacancy energies of formation. Relevant constants for gold, silver, and copper are listed in Table 1 . The concentration of vacancies comes from defining a time interval as:
where the concentration is defined as:
Our modified Metropolis (MC) algorithm for creating a vacancy is then:
0. The structure is initialized with N atoms, without vacancies. 1. Select at random a position p (1 ≤ p ≤ N ). If p is an atom then create a vacancy at p. If p is a vacancy then create an atom at p. 1.1 Compute E j as in formulas (2) and (3) and ε j = exp(− E j /k B T ) for the new configuration, where k B is the Boltzman constant. 1.2 Generate a random number r ∈ [0, 1]. If a vacancy was created at p and r > ε j or an atom was created at p and r > 1 -ε j then reject this configuration and return to step 1 else accept this configuration and compute t and concentration c(t) as in formulas (4) and (5).
If the new c(t)
value deviates less than 0.5 % from the average over the last 100 c(t) values then assume convergence and stop else go to step 1. 2. Repeat 20 times to get an average c(t) for the nanoclusters.
Results and discussion
The nanocluster binding energy versus cluster size is plotted for the noble metal clusters in Fig. 1 . The binding energy is plotted versus magic numbers of the clusters for the two types studied here [34] . This results in a linear relationship with N (−1/3) (the cluster size), similar to what has been calculated from DFT calculations on gold clusters [35] . The slope for the icosahedra is larger than the decahedra, since μ = 1 versus μ = 0.506 for decahedra. This algorithm is efficient and accurately produces the bulk cohesive energy value as the cluster size approaches the bulk limit.
The relationship between D, the cluster diameter and number of atoms is shown in Fig. 2 . We show calculated diameters, D, from the MATLAB routine, versus magic numbers for icosahedral and decahedral clusters [34] . The curves are for gold clusters at T = 300 K. These relationships follow a power law with the decahedral clusters having a larger coefficient due to the oblate shape of their geometry in contrast to the near sphericality of icosahedra. The MATLAB routine calculates the largest difference between coordinates in the cluster and an oblate shape will have a greater diameter with a fewer number of atoms.
There are reports in the literature that a central vacancy in icosahedral structures can stabilize metal nanoclusters [35, 36] . In Fig. 3 we show the energy cost of removing the central atom in noble metal icosahedral clusters in this model according to Eq. 2. Also shown is the calculation of removing a corner atom from the same clusters. The data follows approximately a curve like 1/N , with corner atoms having a lower energy cost than the central atom. In this model surface atoms are more easily removed but Fig. 4 shows that the energy difference between the central site (E C ) and a corner site (E S ) goes to zero at about 1500 atoms. These results indicate that any central vacancy with bulk coordination would behave the same, since this model only takes into account the coordination of the site. This is in contrast to some recent DFT studies, where accounting for strain effects show that a central vacancy may be energetically favored [37] . The data in both figures shows that the energy associated with creating a vacancy depends on the physical parameters of the metals, and for the noble metals goes in order of gold, copper and silver, from largest to smallest. Figure 5 shows MATLAB plots of icosahedral and decahedral clusters of gold, silver, and copper at T = 300 K. The vacancies at surface sites are colored green, while vacancies at interior sites are colored blue. These are generated as one possible outcome from a program where some stochastic results are inherent to the method. Clusters of this size are expected to have about five vacancies on average. In Fig. 6 , we plot the ratio of surface to interior atoms and vacancies in gold clusters which follows a power law behavior as a function of cluster size, D. Other temperatures and metals have similar behavior. This data simply shows the relative number of surface and interior sites as the clusters get larger, and thus changes the number of available sites for random vacancies, with the obvious conclusion that there are more surface sites in smaller clusters.
Fig. 2 Plot of nanocluster diameters versus number of atoms, N
We change the temperature T and the size of the cluster D, resulting in concentration temperature and diameter profiles as shown in Fig. 7 . The temperature T , varies from 100 to 600 K, with D < 3.73 for icosahedra and D < 6.65 for decahedra. We fit the temperature and size profiles to the following function at T = 600 K:
where e refers to the element modeled (gold, silver, copper). This model is similar to one developed by Guisbiers [38] , except that D is in the numerator, rather than the denominator, and we have inserted elemental specificity. For these temperature profiles, we choose T = 600 K to fit all three parameters, a e , α e , and β e , then fix β e for the lower temperatures and determine the best fit for the other ones. In Fig. 7 , error bars show the minimum and maximum values over the 20 simulations in the algorithm. The average value is taken for the relevant data point in the temperature profile. The data point for T = 100 K and D = 0.9, is where vacancies are being eliminated from the cluster. The curve fit for the temperature profile T = 100 K is without this data point. If we look at the modeling in Table 2 and the variation for the metals, we see that silver clusters have the highest concentration of vacancies, followed by copper, and gold with the lowest. This holds for both icosahedra and decahedra. The evidence indicates that the most important component to E j is E b c from Eq. (1), which results Table 1 , we see that the order of E b c is silver, copper, and gold, from low to high, and this produces a reverse order of the vacancy concentration in the metals. This data is also related to Figs. 3 and 4, which shows the energy for creating vacancies in the noble metal clusters. Our data which shows that icosahedra have a higher concentration of vacancies than decahedra corroborates this evidence since E b c is lower for icosahedra than decahedra versus cluster size from Fig. 1 .
We have found the concentration dependence as a function of D, and the other parameter we vary is the temperature. The temperature analysis starts from a description of the Gibbs energy [39, 40] per atom as: 
where G(c) is the free energy of a single vacancy and the final term is the configurational free energy of the vacancies. In thermal equilibrium, the concentration c(T ) is determined by the condition that the Gibbs energy be a minimum, or dG f /dc = 0. Taking the derivative leads to the following equation:
which gives the equilibrium value of the concentration versus Gibbs energy as
In this approximation, we use a linear model for G(c), and G f v ∼ 1 eV >> k B T ∼ 1/40 eV [40] . Now from our data plotted in Fig. 8 , we have that
or the concentration dependence of metal nanoclusters is quadratic with temperature. We then have our final result that G f v where H and S are independent of T and we have plotted the logarithm of the concentration versus temperature in Fig. 9 for gold nanoclusters. The constant diameter values for the data points comes from the curve fitting we have done in Fig. 7 . Plots of Eqs. (11) and (12) will produce nearly overlapping functional dependencies, if the generated curve fits are used, and we use the simpler Eq. (12) for modeling purposes. We emphasize here that this is strictly a fitted model without a physical derivation. Additionally, this fit only holds for T > 0 K, which should not be a problem, as absolute zero is not actually physically reached, although this model only considers temperatures where T > 100 K. In Table 3 , we list the values of the modified enthalpy, H , and entropy S , which are dimensionless, for the two types of clusters and the three noble metals we have studied. Since gold has the lowest concentration from Table 2 , it has the highest value for H and S . The linear Arrhenius model assumes a functional form for the Gibbs energy as G f (T ) = H f − S f T , with H f and S f the temperature independent experimentally determined enthalpy and entropy, respectively, but this does not fit our data or model. We mention here that non-linearity of the Gibbs energy has been seen in bulk behavior, where a quadratic model was used [41] . Our model has determined the complete temperature dependence from 100 to 600 K, and thus there are no gaps in the data, as is seen from DFT calculations of bulk behavior [41] . MD results for silver are from [43] and copper from [22] The melting entropy and enthalpy can be calculated in this coordination type model as follows:
where T b m , S b m , and H b m are the bulk melting temperature, entropy and enthalpy, R is the universal gas constant, and η is defined as in Eq. (3) [42] . The constants for silver and copper are given in Table 4 . In Fig. 10a , we plot the melting entropy and enthalpy versus cluster diameter for silver icosahedral, decahedral, and MD calculations [43] . The curves are fit using equations as follows:
where a and b are fitting parameters, and the relationship in parentheses represents η [44] . We see from Fig. 8a that the melting entropy is closely modeled for D > 4 nm, while the calculated melting enthalpy overestimates the MD results. The results for copper are plotted in Fig. 10b . The calculated entropy underestimates the MD results [22] , while the calculated enthalpy overestimates the MD results. For both the silver and copper cases, the calculated results are better for icosahedra than decahedra. This is due to the shape factor being equal to one for icosahedra. Table 5 lists the fitting parameters for the MD and calculated melting entropy and enthalpy data. We are not aware of entropy and enthalpy MD data for gold as a function of diameter. In this model, random vacancies are frozen into the nanoclusters, making detection of these defects difficult. Recently, three-dimensional imaging of gold clusters [45] [46] [47] [48] has been realized and these may well be model systems for detection of defects in the clusters. One of these references showed the existence of adatoms on gold nanocluster surfaces [45] . If adatoms are created through the formation of a vacancy-adatom pairs, then such clusters may have vacancies below the surface. Another possibility is to study the nano behavior of the clusters between an STM tip, the cluster, and a substrate, in an attempt to study defects. Such approaches could well lead to new insights into the defects in these systems.
Conclusions
In summary, we have determined the size and temperature dependence of the concentration of Schottky defects in noble metal nanoclusters. We have modeled this behavior using a Kinetic Monte Carlo approach, producing new equations in both the size and temperature profiles. According to this model, silver icosahedra should have the highest concentration of vacancies in the noble metal clusters studied. The Gibbs energy is shown to have a logarithmic dependence, and we have extracted modified enthalpy and entropy coefficients for the clusters. Reasonable agreement of the calculated melting entropy and enthalpy is found with molecular dynamics data. Gold nanoclusters may well be ideal systems for observing these defects, with progress being made to study these clusters.
